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Abstract 

Distribution network monitoring is essential for the 

reliable and secure operation of the distribution network. 

The micro-phasor measurement unit (𝜇𝑃𝑀𝑈) is the most 

advanced measurement device to monitor the 

distribution network. It provides high precision and high 

accuracy synchronized measurements of the voltage and 

current phasors as well as amplitudes. Due to its high 

installation cost, however, we propose the 

combinational monitoring system with the 𝜇𝑃𝑀𝑈𝑠 and 

Power Flow Measurements (PFMs) to minimize the 

installation cost while guaranteeing the observability of 

the whole system. The Nonlinear Programming method 

is applied to obtain the optimal solution for the proposed 

combinational system, so we obtain the minimum 

number of 𝜇𝑃𝑀𝑈𝑠 and PFMs, and their placements in 

the distribution network. By simulations using IEEE 13, 

34 and 37 bus test feeders, it is confirmed that the 

proposed method obtains the optimal solution compared 

to the other monitoring system only with 𝜇PMUs.  
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1. INTRODUCTION 

The complexity of distribution network due to the 

interactions of Distributed Energy Resources (DERs) 

and demand-side management (DSM) including 

renewable generation, electrical vehicle charging, and 

customer participation in the power market has 

increased variability uncertainty on the distribution 

network [Primadianto et al, 2017], [Wu et al, 2018]. The 

complexity makes some changes in the distribution 

network such as bidirectional power flows and voltage 

profile issues. These complexities have raised the need 

for more continuous monitoring of distribution network 

to maintain the reliability and resiliency on the network 

[Chen et al, 2016].  

 

Traditionally, the distribution system is controlled by 

conventional Supervisory Control and Data Acquisition 

(SCADA) systems. The SCADA system receives the 

data from conventional measurements installed in 

different locations of power network [Dong et al, 2017].  

These conventional measurements record 

unsynchronized voltage and current magnitude, real and 

reactive power flows with the low accuracy of ±0.5%. 

SCADA systems have a low resolution of 1Hz which is 

not sufficient to monitor the dynamic states of the 

network [Blas et al, 2018]. The small changes in states 

are invisible to SCADA technology because of its low 

precision. Therefore, the advanced metering device of 

high accuracy and high precision is needed for 

monitoring distribution network applications. 

 

The advanced Phasor Measurement Units (PMUs) were 

developed for monitoring transmission networks. They 

can provide synchronized voltage and current phasors 

(magnitude and phase angle) with high accuracy of ± 10 

and the reporting rate of 30 samples per second at 60Hz 

[Jain et al, 2018]. Currently, PMU has been mainly 

deployed in transmission network due to its high cost 

and the distribution applications are much more 

complicated than the transmission applications, the 

voltage angle differences are small in distribution circuit 

[Arghandeh, 2016]. Therefore, the distribution networks 

require high precision and high accuracy rate.   

 

Micro-Phasor Measurement Unit (𝜇PMU) was 

developed for monitoring, protection, and control 

distribution network applications. Thus, it can alleviate 

the problems of complex interactions of DERs by 

providing synchronized voltage and current phasors 

with high precision and high accuracy at widely 

different locations with real-time monitoring of 

distribution network; a micro-Global Positioning 

System (𝜇GPS) receiver is used for time stamping the 

data in order to have the same time reference across all 

𝜇PMUs; 𝜇PMU has angle accuracy of ± 0.010 and its 

amplitude accuracy is ±0.05% [Chakrabarti et al, 2008],  

[Jain et al, 2017], [Chen et al 2015]. It has a high 

sampling rate of 120 samples per second at 60Hz. 

 

The  𝜇PMUs  provide the voltage and current phasors 

information in real-time with high resolution and 

precision, and enable the visibility of distribution 

network [Mohsenian-Rad, 2018]. The 𝜇PMU placement 

problem has been studied in recent works of literature to 

find the optimal 𝜇PMU  placement in distribution 

networks [Wu et al, 2018], [Mabaning et al, 2017], 

[Tahabilder et al, 2017]. The previously reported works 

have conducted on optimal PMU  placement with the 

existing flow measurements, consideration of the zero 

injection buses and contingencies in transmission 

systems [Almunif et al, 2017], [Chakrabarti et al, 2009], 

[Emaili et al, 2013]. The joint placement of phasor and 



 

Power Flow Measurements (PFMs) was recently 

reported in [Kavasseri et al, 2011], they focused on the 

system observability when there is a fault in the power 

system. The entire system observability means that all 

the bus voltage phasors and the line current phasors for 

a given power system network should be known [Maji 

et al, 2015]. 

 

Different methods for monitoring distribution network 

using 𝜇PMU  were carried out for determining the 

minimum number of 𝜇PMUs and their locations which 

can be installed in the network such that the system is 

completely observable. Even if their optimal number 

can monitor the system, the installation cost is still high 

for full observability. Due to its high installation cost in 

the distribution network, our contribution in this paper, 

we propose a combinational monitoring system with 

𝜇PMUs  and PFMs to minimize the installation costs 

while ensuring observability of the entire system for the 

normal operating condition. This method is for a new 

distribution network monitoring system to minimize the 

number of 𝜇PMUs  and PFMs, and also the overall 

installation cost. The joint optimal placement of 𝜇PMU 

and PFM is formulated as nonlinear programming which 

can be solved using Sequential Quadratic Programming 

(SQP). 

 

This paper is organized as follows. Section 2 explains 

the 𝜇𝑃𝑀𝑈  and PFM in the distribution network, and 

Section 3 represents the optimization problem 

formulation and the algorithm applied for the proposed 

method, the simulation results and discussions are 

shown in Section 4. Section 5 concludes the paper. 

 

2.  𝝁𝐏𝐌𝐔 AND PFM IN DISTRIBUTION 

NETWORKS 

The 𝜇PMU measures the voltage magnitude and phase 

angle at the installed bus, and current phasors of lines 

incident to that bus; the voltage phasors of adjacent 

buses to that bus can be determined using line 

parameters and ohm’s law. Therefore, all neighboring 

buses to that bus installed 𝜇PMU are observable [Tawfik 

et al, 2017]. If a bus 𝑖 is directly or indirectly observable 

through a 𝜇PMU , the adjacent bus 𝑗  to bus 𝑖  can be 

observable through a PFM installed on line 𝑖 −
𝑗 [Kavasseri et al, 2011], refer to figure 1. 

   

 
Fig. 1. Power Flow measurement installed on line i-j 

The PFM measures the real 𝑃𝑖𝑗  and reactive power 𝑄𝑖𝑗  

flows of the line installed, the voltage magnitude at bus 

𝑗,  𝑣𝑗 , is determined using the parameter of line. 

Therefore,  𝑣𝑗 = 𝑣𝑖 − 𝑧𝑖𝑗𝐼𝑖𝑗 , 𝐼𝑖𝑗  is obtained from the 

relation 𝑣𝑖𝐼𝑖𝑗
∗ = 𝑃𝑖𝑗 + 𝑄𝑖𝑗 , where 𝑧𝑖𝑗  is the line 

impedance, 𝐼𝑖𝑗  is the line current, 𝐼𝑖𝑗
∗  is the conjugate of 

line current. 

3. 𝝁𝐏𝐌𝐔 AND PFM PLACEMENT  

3.1. Nonlinear Programming Formulation 

    The objective function of the combinational 

monitoring system with the 𝜇 PMUs and PFMs is to 

minimize the number of 𝜇 PMUs and PFMs, and to 

determine their installation locations subject to the 

whole system observability. In this paper, nonlinear 

programming is used to determine the optimal number 

of μPMUs and PFMs, and their locations to make the 

whole system observable. For N-bus and M-line system, 

the nonlinear programming formulation for optimal 

𝜇PMUs and PFMs is as follows, 

 

Minimize 
𝒙,𝒚

∑ 𝑐𝑖𝑥𝑖

𝑖∈𝑁

+ ∑ 𝑝
𝑖𝑗 

𝑦
𝑖𝑗

𝑖,𝑗∈𝑀

                                         (1) 

Subject to  𝑥𝑖 + ∑ 𝑥𝑗

𝑗∈ 𝑁(𝑖)

+ ∑ ∑ 𝑦𝑖𝑗

𝑘∈ 𝑁(𝑗)\𝑖

𝑥𝑘

𝑗∈ 𝑁(𝑖)

≥ 1,      (2) 

𝑖 ∈ 𝑁 

 

where N and M represent the sets of buses and lines, 

respectively. The element in M is composed of two 

connected buses (𝑖, 𝑗). Binary decision variables 𝑥𝑖 for 

𝜇PMU   installation and 𝑦𝑖𝑗  for PFM installation are 

defined as: 

𝑥𝑖 = {
1,  if a  𝜇PMU is installed at bus 𝑖 
0,  otherwise,                                           

             (3) 

and 

𝑦𝑖𝑗 = {
1,  if a PFM is installed on line 𝑖 − 𝑗
0,  otherwise,                                          

             (4)                  

respectively. 

 

The vector x and y are the placement vectors presented 

as binary vectors for N bus system and M line 

respectively. The costs of 𝜇PMU installed at bus 𝑖 and 

PFM installed on line 𝑖 − 𝑗 are represented as 𝑐𝑖 and 𝑝𝑖𝑗 , 

respectively. Let 𝑁(𝑖) denote set of all buses adjacent to 

bus 𝑖.  Equations (1) and (2) represent the objective 

function and the observability constraint, respectively. 

 

The network observability is represented by nonlinear 

inequality constraints. The solution for optimal 𝜇PMU 

and PFM placement is obtained by changing the initial 

values to random numbers, one and zero. Then, we start 

from different initial x and y. The solution of their 

optimal placement is obtained when 𝑥𝑖 and 𝑦𝑖𝑗  are equal 

to one or zero. The nonlinear constraints are solved by 

the sequential quadratic programming algorithm.   

 

3.2. Application Example 

This section shows an example of the nonlinear 

programming formulation using the IEEE 13-bus test 

feeder shown in Fig. 2. The IEEE 13-bus test feeder has 

a switch connecting bus 7 and bus 8, and the switch is 

considered as closed at the normal operating condition.  

 

 



 

Minimize 
𝑥,𝑦

∑ 𝑐𝑖𝑥𝑖

𝑖∈𝑁

+ ∑ 𝑝𝑖𝑗 𝑦𝑖𝑗

𝑖,𝑗∈𝑀

 

Subject to 𝑥𝑖 + ∑ 𝑥𝑗

𝑗∈ 𝑁(𝑖)

+ ∑ ∑ 𝑦𝑖𝑗

𝑘∈ 𝑁(𝑗)\𝑖

𝑥𝑘

𝑗∈ 𝑁(𝑖)

≥ 1          

𝑖 ∈ 𝑁, where  𝑁 = {1,2,3,4,5,6,7,9,10,11,12,13}. 

 

 

Fig. 2. IEEE 13-bus test feeder 

 

Let 𝐹𝑖  denotes the observability constraint at bus 𝑖. The 

constraint 𝐹𝑖  ≥ 1  means that each bus should be 

observed at least once by 𝜇PMU  or PFM. It  can be 

formed as bellow:  

 
𝐹1 =  𝑥1 + 𝑥2 + 𝑦1 2(𝑥3 + 𝑥5 + 𝑥7) ≥ 1                               
𝐹2 =  𝑥1 + 𝑥2 + 𝑥3 + 𝑥5 + 𝑥7 + 𝑦2 3 𝑥4 + 𝑦2 5 𝑥6                     

+𝑦2 7(𝑥9 + 𝑥10 + 𝑥12) ≥ 1                         

𝐹3 =  𝑥2 + 𝑥3 + 𝑥4 + 𝑦2 3 (𝑥1 + 𝑥5 + 𝑥7) ≥ 1                    
𝐹4 = 𝑥3 + 𝑥4 + 𝑦3 4𝑥2 ≥ 1                                                       

𝐹5 = 𝑥2 + 𝑥5 + 𝑥6 + 𝑦2 5 (𝑥1 + 𝑥3 + 𝑥7) ≥ 1                     
𝐹6 = 𝑥5 + 𝑥6 + 𝑦56 𝑥2 ≥ 1                                                       

𝐹7 = 𝑥2 + 𝑥7 + 𝑥9 + 𝑥10 + 𝑥12 + 𝑦2 7 (𝑥1 + 𝑥3 + 𝑥5)      

+𝑦7 10 (𝑥11 + 𝑥13) ≥ 1                                    

𝐹9 = 𝑥7 + 𝑥9 + 𝑦7 9(𝑥2 + 𝑥10 + 𝑥12) ≥ 1                            
𝐹10 = 𝑥7 + 𝑥10 + 𝑥11 + 𝑥13 + 𝑦7 10 (𝑥2 + 𝑥9                      

+ 𝑥12) ≥ 1                                                       

𝐹11 = 𝑥10 + 𝑥11 + 𝑦10 11 (𝑥7 + 𝑥13) ≥ 1                              

𝐹12 = 𝑥7 + 𝑥12 + 𝑦7 12 (𝑥2 + 𝑥9 + 𝑥10) ≥ 1                        

𝐹13 = 𝑥10 + 𝑥13 + 𝑦10 13 (𝑥7 + 𝑥11) ≥ 1                              

 

 

The optimal placement for the IEEE-13-bus test feeder 

is that 𝜇PMUs are installed on buses 2 and 7, and PFMs 

are installed on line 3-4, 5-6, 10-11 and 10-13. 

 

4. SIMULATION RESULTS 

In this paper, the nonlinear programming algorithm is 

applied for various IEEE standard test feeders to find the 

optimum number of 𝜇PMUs  and PFMs, and their 

locations such that the whole system is observable.  

 

The optimization problems are solved using fmincon 

function in MATLAB using sequential quadratic 

programming solver for nonlinear programming. The 

test systems used to show the effectiveness of the 

proposed method using IEEE 13, 34 and 37 bus test 

feeders which are shown in figures 2, 3 and 4, 

respectively.  

 

The cost of 𝜇PMU is higher than the cost of PFM. For 

simplicity, we assume that 𝑐𝑖 and 𝑝𝑖𝑗  are uniform. The 

installation cost of 𝜇PMU with 16GB at bus is $6,890 

and the cost of PFM is approximately $300 [elspec-ltd], 

[alibaba].     

 

The simulation results for testing the proposed method 

on three test systems are shown in Table 1. It is shown 

that the IEEE 13 bus test feeder is completely observable 

by installing 2 𝜇PMUs at buses and 4 PFMs on lines; the 

IEEE 34 bus test feeder is fully observable by installing 

7 𝜇PMUs at buses and 11 PFMs on lines, and IEEE 37 

bus test feeder is entirely observable by installing 7 

𝜇PMUs at buses and 9 PFMs on lines. 

 

 

 
Fig. 3. IEEE 34 bus test feeder 

 

 
Fig. 4. IEEE 37 bus test feeder 

 

 



 

Table 1. Number of μPMU and PFM, and their placement locations 

 

Table 2. Comparison between the total costs of μPMUs and PFMs obtained by the proposed method and the total costs 

of μPMUs obtained by monitoring systems only with μPMUs 

The obtained results with the proposed method for the 

test systems mentioned above have been compared with 

other monitoring systems solely with 𝜇PMUs . The 

comparison between the proposed method and other 

methods only with 𝜇PMUs is shown in Table 2. It is 

shown that the number of 𝜇PMUs have been greatly 

reduced for each test system with the proposed method 

due to the power flow measurements while ensuring the 

observability of the entire system. Thus, the proposed 

method obtains the minimum number of 𝜇PMUs and 

PFMs to observe the whole system compared to other 

monitoring systems only with 𝜇PMUs . As shown in 

Table 2, the total installation cost of each test feeder with 

the proposed method is very reduced compared to the 

installation cost with the only μPMU. The installation 

costs for IEEE 13, 34 and 37 bus test feeders 56.4%, 

37.7% and 38.4% are reduced respectively with the 

proposed method compared to the other systems that use 

only with 𝜇PMUs. Therefore, it is confirmed that the 

proposed method gives a better solution in terms of 

installation cost.  

 

5. CONCLUSION 

Micro-Phasor Measurement Units (𝜇PMUs) are used at 

the power distribution level for measuring the voltage 

and current phasors for monitoring, diagnostic and 

control distribution network applications.  Due to the 

high installation cost of 𝜇PMU, in this paper, we present 

a proposed method of the combinational monitoring 

system with optimal placement of 𝜇PMU and PFM for 

full system observability. A nonlinear programming 

algorithm is applied to solve the optimal 𝜇PMU and 

PFM placement problem using Sequential Quadratic 

Programming Solver. 

 

Simulation results for IEEE 13, 34 and 37 bus test 

feeders are compared with other 𝜇PMU  placement 

schemes which only considers 𝜇PMU . The proposed 

method is more economical than other schemes. The 

installation costs by the proposed scheme for IEEE 13, 

34 and 37 bus test feeders are reduced by 56.4%, 37.7% 

and 38.4%, respectively.  
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